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                \begin{document}$$N_e$$\end{document}$ was introduced by Wright ([@CR86], [@CR85]) as the size of an ideal homogeneous population with the same rate of loss of heterozygosity per generation as the studied population. It has become one of the most important parameters in population genetics and conservation biology, as reviewed for instance by Crow and Denniston ([@CR12]), Orrive ([@CR58]), Caballero ([@CR2]), Wang and Caballero ([@CR80]), Waples ([@CR83]) and Charlesworth ([@CR7]).
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                \begin{document}$$N_e$$\end{document}$ exist, and Crow ([@CR11]) first distinguished between the inbreeding effective size $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{eI}$$\end{document}$, the quantity originally defined by Wright, and the variance effective size $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{eV}$$\end{document}$. He also introduced a random extinction parameter that quantifies the long term rate at which genetic variants are lost. It is equivalent to the eigenvalue effective size $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{eE}$$\end{document}$, defined in terms of the largest non-unit eigenvalue of a Markov chain of allele frequencies (Ewens [@CR17], [@CR19]). The nucleotide diversity or mutation effective size $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{e\pi }$$\end{document}$ is essentially the expected coalescence time of a pair of haploid individuals (Ewens [@CR18]; Durrett [@CR14]), whereas the coalescent effective size $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{eC}$$\end{document}$ is defined for populations such that the ancestral tree of any finite number of individuals converges to a Kingman coalescent in the limit of large populations (Kingman [@CR41]; Nordborg and Krone [@CR54]; Sjödin et al. [@CR70]; Wakeley and Sargsyan [@CR77]; Hössjer [@CR30]).

In this paper we provide a general theory of $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{eE}$$\end{document}$ for mutation free structured populations, in which a selectively neutral marker (referred to as a gene) with two variants or alleles segregates. The population consists of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s$$\end{document}$ homogeneous subpopulations (geographic sites, age classes, sexes or combinations thereof) and evolves in discrete time, with constant census sizes of all subpopulations.

Ewens ([@CR19]) reviewed results on $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{eE}$$\end{document}$ for homogeneous populations, showing that it agrees with $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{eV}$$\end{document}$ for the Wright-Fisher model (Wright [@CR86]; Fisher [@CR23]), Kimura's multi-hypergeometric model (Kimura [@CR39]), conditional branching process models (Karlin and McGregor [@CR37]) or more generally models in which offspring numbers are exchangeable (Cannings [@CR5]).
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                \begin{document}$$N_{eE}$$\end{document}$ for structured populations are less complete. Ewens ([@CR17]) showed that $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{eE}$$\end{document}$ may differ from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$N_{eV}$$\end{document}$ for two-sex models. Cabellero and Hill ([@CR4]) and Nagylaki ([@CR50]) considered a number of diploid models and derived formulas for an effective size based on the long term decay of heterozygosity. Chesser et al. ([@CR8]) and Wang ([@CR78], [@CR79]) analyzed the island model with two sexes. They derived linear recursion formulas for the inbreeding coefficient and the coancestry of individuals from the same and different subpopulations, and computed an effective size from the largest eigenvalue of this recursion. Felsenstein ([@CR21]) computed the effective size for models with $\documentclass[12pt]{minimal}
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                \begin{document}$$s$$\end{document}$ age classes, and found the effective size from the largest eigenvalue of a linear recursion of $\documentclass[12pt]{minimal}
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                \begin{document}$$s^2$$\end{document}$ non-identity by descent probabilities of genes drawn with replacement from all pairs of age groups. Maruyama ([@CR44]) derived a similar effective number for the circular stepping stone model under large population and small migration rate limits. Tufto et al. ([@CR73]) and Tufto and Hindar ([@CR74]) defined the eigenvalue effective size from a linear recursion of covariances between of all pairs of subpopulations.

All these notions of effective size are derived in terms the largest eigenvalue $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ of linear recursions of covariances or probabilities of identity by descent or state. Whitlock and Barton ([@CR84]) showed that these linear recursions are closely related. They also argued briefly that the transition matrix of the Markov chain of allele frequencies has its largest non-unit eigenvalue equal to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$, and therefore all effective sizes of the previous paragraph agree with $\documentclass[12pt]{minimal}
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Motivated by the argument of Whitlock and Barton ([@CR84]), our main purpose in this paper is to provide a general framework for exact and asymptotic computation of $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{eE}$$\end{document}$ for a large class of structured populations with stochastic backward migration and exchangeable reproduction within subpopulations. In Sect. [2](#Sec2){ref-type="sec"} we introduce the population genetic model and Ewens' definition of $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{eE}$$\end{document}$ in terms of the rate at which the Markov process of allele frequencies in all subpopulations reaches an absorbing state, quantified by the largest non-unit eigenvalue $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ of its transition matrix. In Sect. [3](#Sec3){ref-type="sec"} we focus on gene diversities, i.e. probabilities of genes not being identical by state. We introduce an $\documentclass[12pt]{minimal}
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                \begin{document}$$s^2$$\end{document}$-dimensional deterministic process of predicted gene diversities and prove that whenever it is a linear recursion, $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ also equals the largest eigenvalue of the matrix $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{A}}$$\end{document}$ of this recursion. In Sect. [4](#Sec4){ref-type="sec"} we show how the elements of $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{A}}$$\end{document}$ are obtained from coalescence theory in new settings that generalize previous work, as illustrated with several examples in Sect. [5](#Sec5){ref-type="sec"}. Asymptotic approximations of $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{eE}$$\end{document}$ are obtained from perturbation theory of eigenvalues of matrices in Sect. [6](#Sec9){ref-type="sec"}, when either the population gets large and/or the migration rate gets small. This gives novel asymptotic expressions for $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{eE}$$\end{document}$ that, for instance, in the limit of large populations agrees with the coalescence effective size $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{eC}$$\end{document}$ when the latter exists. A discussion follows in Sect. [7](#Sec13){ref-type="sec"} and proofs are collected in the "Appendix".

Model of reproduction, migration and allele frequency change {#Sec2}
============================================================
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                \begin{document}$$\begin{aligned} \mathcal{I}= \{1,\ldots ,s\} \end{aligned}$$\end{document}$$of constant sizes $\documentclass[12pt]{minimal}
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                \begin{document}$$\sum _{i\in \mathcal{I}} u_i = 1$$\end{document}$. Each individual carries two copies of a selectively neutral gene so that subpopulation $\documentclass[12pt]{minimal}
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                \begin{document}$$2N_i$$\end{document}$ genes.

The population evolves in discrete time (not necessarily generations) $\documentclass[12pt]{minimal}
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                \begin{document}$$t=0,1,\ldots $$\end{document}$, with the genes of each subpopulation $\documentclass[12pt]{minimal}
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                \begin{document}$$k\in \mathcal{I}$$\end{document}$ at time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t-1$$\end{document}$ numbered $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu _{tkig}$$\end{document}$ referring to the number of offspring of gene $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{\nu }}_{tkg}=(\nu _{tk1g},\ldots ,\nu _{tksg})$$\end{document}$ summarize the frequency distribution of the offspring of gene $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{B}}=(B_{ik})$$\end{document}$, the expected backward migration matrix, is the transition matrix of a Markov chain with state space $\documentclass[12pt]{minimal}
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---------------
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Rate of decay of predicted gene diversities {#Sec3}
===========================================
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**Proposition 2** {#FPar4}
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The following key result follows from ([21](#Equ21){ref-type=""}) and Theorems 1--2:

**Corollary 2** {#FPar6}
---------------
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Coalescence probabilities {#Sec4}
=========================

In this section we derive a linear recursion ([25](#Equ25){ref-type=""}) for the predicted gene diversity vector $\documentclass[12pt]{minimal}
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Many authors have derived linear recursions for identity by descent probabilities, gene diversities, covariances or coalescence probabilities of subdivided populations with spatial, age, sex or some other structure, with or without mutations. This includes results in Malécot ([@CR43]), Hill ([@CR27]), Li ([@CR42]), Sawyer ([@CR69]), Felsenstein ([@CR22]), Slatkin ([@CR71]), Nagylaki ([@CR51]), Ryman and Leimar ([@CR64]), Durrett ([@CR14]), Hössjer and Ryman ([@CR32]), Hössjer et al. ([@CR31]) and other papers mentioned in the introduction. They utilize coalescence probabilities more or less explicitly. We will generalize several of these results for constant subpopulation sizes, allowing backward migration rates to be stochastic and reproduction within subpopulations to have a general form.

Consider a structured coalescent (Notohara [@CR56]; Herbots [@CR26]; Wakeley [@CR76]) for two genes, with coalescence events formulated hierarchically in two steps, first for subpopulations and then for genes. We draw two different genes from the population at time $\documentclass[12pt]{minimal}
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**Theorem 3** {#FPar8}
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Examples {#Sec5}
========
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Backward migration {#Sec6}
------------------

### *Example 1* {#FPar10}

*(Fixed backward migration)*. When the observed backward migration rates are non-random, we must have$$\documentclass[12pt]{minimal}
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### *Example 2* {#FPar11}
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Coalescence probabilities {#Sec7}
-------------------------

### *Example 3* {#FPar12}
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### *Example 4* {#FPar13}

*(Survival indicators)*. Consider the genes $\documentclass[12pt]{minimal}
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### *Example 5* {#FPar14}
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### *Example 6* {#FPar15}
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### *Example 7* {#FPar16}

*(Combined age and spatial structure)*. Age structured models have been studied by Felsenstein ([@CR21]), Hill ([@CR27]), Kaj et al. ([@CR34]), Sagitov and Jagers ([@CR66]) and Hössjer ([@CR30]). Here we consider a population with $\documentclass[12pt]{minimal}
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### *Example 8* {#FPar17}
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### *Example 9* {#FPar18}
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Asymptotics {#Sec9}
===========

According to ([32](#Equ32){ref-type=""}), we find $\documentclass[12pt]{minimal}
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### **Theorem 5** {#FPar20}
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### **Corollary 6** {#FPar23}
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### *Example 10* {#FPar24}
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### *Example 11* {#FPar25}

*(Multiple mergers)*. Other limiting ancestral processes with multiple mergers (Pitman [@CR59]; Sagitov [@CR65]) are possible. Let $\documentclass[12pt]{minimal}
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Small migration rates {#Sec11}
---------------------
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### *Example 12* {#FPar28}

*(Island model)*. The island model (Wright [@CR87]; Maruyama [@CR45]) is the most well known example of a population with spatial substructure, having $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m=s$$\end{document}$ demes, and a forward migration matrix$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\varvec{M}}(\varepsilon ) = (1-\varepsilon ){\varvec{I}}+ \frac{\varepsilon }{s-1}({\varvec{1}}{\varvec{1}}^\prime - {\varvec{I}}), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{1}}$$\end{document}$ is a column vector of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s$$\end{document}$ ones. Migration is symmetric, so that the migration rate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_{ki} = \varepsilon /(s-1)$$\end{document}$ from each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k$$\end{document}$ to any other deme $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\ne k$$\end{document}$ is the same. It follows by symmetry from ([4](#Equ4){ref-type=""}), ([7](#Equ7){ref-type=""}) and ([8](#Equ8){ref-type=""}) that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{B}}= {\varvec{M}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M=B=\varepsilon $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_k(\varepsilon )=\gamma _k(\varepsilon )=1/s$$\end{document}$. This implies in particular that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \dot{B}_{ik} = \dot{M}_{ki} = \left\{ \begin{array}{ll} -1, &{} k=i,\\ 1/(s-1), &{} k\ne i. \end{array}\right. \end{aligned}$$\end{document}$$Insertion of ([124](#Equ124){ref-type=""}) into ([120](#Equ120){ref-type=""}) yields$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \dot{\Lambda }_{ij,kl} = \left\{ \begin{array}{ll} -2, &{} k=i\ne j=l,\\ 1/(s-1), &{} k=i\ne j\ne l,\\ 1/(s-1), &{} k\ne i\ne j=l,\\ 0, &{} \text{ otherwise }, \end{array}\right. \end{aligned}$$\end{document}$$so that by symmetry, the largest eigenvalue of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\dot{{\varvec{\Lambda }}}$$\end{document}$ corresponds to an eigenvector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{1}}_v = (1,\ldots ,1)^\prime $$\end{document}$ that is a column vector with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v=s(s-1)$$\end{document}$ ones. Hence we find, from any of the row sums of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\dot{{\varvec{\Lambda }}}$$\end{document}$, that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lambda _{ \text{ max }}(\dot{{\varvec{\Lambda }}}) = - 2 + (s-2)\cdot \frac{1}{s-1} + (s-2)\cdot \frac{1}{s-1} = - \frac{2}{s-1}. \end{aligned}$$\end{document}$$We finally apply ([122](#Equ122){ref-type=""}) and arrive at$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} N_{eE}&= \frac{\frac{1}{s}\sum _{i=1}^s (-1)}{2(-\frac{2}{s-1})}\cdot \frac{1}{M} + o(M^{-1})\nonumber \\&= \frac{s-1}{4}\cdot \frac{1}{M} + o(M^{-1}) \end{aligned}$$\end{document}$$as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M\rightarrow 0$$\end{document}$. The accuracy of this formula is illustrated in Fig. [1](#Fig1){ref-type="fig"}. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Fig. 1Plots of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_{eE}M$$\end{document}$ versus the migration rate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M$$\end{document}$ for the island model, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=4$$\end{document}$ (*lower curves*) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=9$$\end{document}$ (*upper curves*), when the local census size $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N/s$$\end{document}$ equals 20 (*solid*), 200 (*dashed*) or 2,000 (*dotted*). The *upper curves* converge to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(9-1)/4=2$$\end{document}$ and the *lower curves* to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(4-1)/4=3/4$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M\rightarrow 0$$\end{document}$, in accordance with ([125](#Equ125){ref-type=""})

### *Example 13* {#FPar29}
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### *Example 14* {#FPar30}

*(System with five subpopulations)*. A system with five subpopulations of varying size is shown in Fig. [2](#Fig2){ref-type="fig"}, with number of migrants in each generation depicted next to the arrows. The forward migration matrix is$$\documentclass[12pt]{minimal}
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### *Example 15* {#FPar31}

*(Combined spatial and age structure)*. Continuing Example 7, we assume that the forward migration matrix depends on $\documentclass[12pt]{minimal}
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### **Proposition 4** {#FPar32}
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### *Example 16* {#FPar33}
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Discussion {#Sec13}
==========

In this paper we developed a general theory which enables computation of the eigenvalue effective size $\documentclass[12pt]{minimal}
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Second, we have included two-sex models, defining subpopulations in terms of male and female gametes. It would also be of interest to define subpopulations in terms of individuals, as for an island model with diploid monoecious or dioecious individuals (Chesser et al. [@CR8]; Wang [@CR78], [@CR79]). This would require some changes in the way the elements of $\documentclass[12pt]{minimal}
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Appendix {#Sec14}
========

*Proof of Theorem 1* {#FPar34}
--------------------

Formula ([14](#Equ14){ref-type=""}) follows from the lower block diagonal decomposition ([13](#Equ13){ref-type=""}) of $\documentclass[12pt]{minimal}
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*Proof of Proposition 2* {#FPar36}
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*Proof of Theorem 2* {#FPar37}
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*Proof of Theorem 3* {#FPar38}
--------------------

Recall that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{H}_{tij}$$\end{document}$ in ([22](#Equ22){ref-type=""}) is the probability that two genes at time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t$$\end{document}$ have different types of alleles when picked independently from subpopulations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j$$\end{document}$, with replacement if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=j$$\end{document}$. Conditionally on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\mathcal {B}}_t$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{X}}_{t-1}$$\end{document}$, we compute the expected value of this probability by conditioning on the parental subpopulations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j$$\end{document}$, and then take into account whether the two parental genes are identical or not. We find that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E(\mathcal{H}_{tij}|\varvec{\mathcal {B}}_t,{\varvec{X}}_{t-1})=\left( 1-\frac{1}{2Nu_i}\right) ^{\{i =j\}} \sum _{k,l} \mathcal{Q}_{tij,kl}\mathcal{H}_{t-1,kl}\left( \frac{1-\mathcal{P}_{tijk}}{1-\frac{1}{2Nu_k}}\right) ^{\{k=l\}},\nonumber \\ \end{aligned}$$\end{document}$$since the probability of picking two different genes at time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1-1/(2Nu_i)$$\end{document}$ when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=j$$\end{document}$ and 1 when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\ne j$$\end{document}$. Then the probability that the two parental genes from subpopulations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l$$\end{document}$ are different is 1 when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ne l$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1-\mathcal{P}_{tijk}$$\end{document}$ when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=l$$\end{document}$. In the former $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ne l$$\end{document}$ case, the probability is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{H}_{t-1,kl}$$\end{document}$ that the parental genes are different by state, and when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=l$$\end{document}$, the probability is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{H}_{t-1,kk}/(1-(2Nu_k)^{-1})$$\end{document}$ that the two parental genes are different by state.

We can express the coalescence probability $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_{ijk}$$\end{document}$ in ([37](#Equ37){ref-type=""}) in terms of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{P}_{tijk}$$\end{document}$ as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} p_{ijk}&= P(T=1|I_0=i,J_0=j,I_1=J_1 = k,T>0)\nonumber \\&= P(T=1,I_1=J_1= k|I_0=i,J_0=j,T>0)\nonumber \\&/P(I_1=J_1 = k|I_0=i,J_0=j,T>0)\nonumber \\&= E\left( P(T=1,I_1=J_1= k|I_0=i,J_0=j,T>0,\varvec{\mathcal {B}}_t)\right) /Q_{ij,kk}\nonumber \\&= E\left( P(T=1|I_1=J_1 = k,I_0=i,J_0=j,T>0,\varvec{\mathcal {B}}_t)\right. \nonumber \\&\cdot \left. P(I_1=J_1 = k|I_0=i,J_0=j,T>0,\varvec{\mathcal {B}}_t)\right) /Q_{ij,kk}\nonumber \\&= E\left( \mathcal{P}_{tijk}\mathcal{Q}_{tij,kk}\right) /Q_{ij,kk}. \end{aligned}$$\end{document}$$Then average with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\mathcal {B}}_t$$\end{document}$ on the left and right hand sides of ([156](#Equ156){ref-type=""}), use independence between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\mathcal {B}}_t$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{X}}_{t-1}$$\end{document}$, invoke ([35](#Equ35){ref-type=""}), ([41](#Equ41){ref-type=""}) and ([157](#Equ157){ref-type=""}), to find that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E(\mathcal{H}_{tij}|{\varvec{X}}_{t-1})&= \left( 1-\frac{1}{2Nu_i}\right) ^{\{i=j\}} \sum _{k,l} Q_{ij,kl} \mathcal{H}_{t-1,kl} \left( \frac{1-p_{ijk}}{1- \frac{1}{2Nu_k}}\right) ^{\{k=l\}}\nonumber \\&= \sum _{k,l} A_{ij,kl} \mathcal{H}_{t-1,kl}, \end{aligned}$$\end{document}$$in accordance with ([40](#Equ40){ref-type=""}). As a next step we average both sides of ([158](#Equ158){ref-type=""}) with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{X}}_{t-1}$$\end{document}$, using starting distribution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{X}}_0$$\end{document}$, and get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} H_{tij}&= E_\pi \left( E(\mathcal{H}_{tij}|{\varvec{X}}_{t-1})\right) \nonumber \\&= \sum _{k,l} A_{ij,kl} E_\pi (\mathcal{H}_{t-1,kl})\nonumber \\&= \sum _{k,l} A_{ij,kl} H_{t-1,kl}, \end{aligned}$$\end{document}$$which is equivalent to ([25](#Equ25){ref-type=""}). To verify ([39](#Equ39){ref-type=""}), we first compute$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&P\left( T=1|I_0=i,J_0=j,I_1=J_1 =k,T>0,\varvec{\mathcal {B}}_t,\{{\varvec{\nu }}_{tkg}\}_{g =1}^{2Nu_k}\right) \nonumber \\&\quad = \sum _{g=1}^{2Nu_k} \nu _{tkig}(\nu _{tkjg}-1_{\{i=j\}})/ \left( 2Nu_i\mathcal{B}_{tik}(2Nu_j\mathcal{B}_{tjk}-1_{\{i=j\}})\right) \end{aligned}$$\end{document}$$and introduce the variables$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal{V}_{tkij} = \left\{ \begin{array}{ll} E(\nu _{tki1}(\nu _{tki1}-1)|\varvec{\mathcal {B}}_t), &{} \text{ if } i=j,\\ E(\nu _{tki1}\nu _{tkj1}|\varvec{\mathcal {B}}_t), &{} \text{ if } i\ne j, \end{array}\right. \end{aligned}$$\end{document}$$which are conditional versions of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V_{kij}$$\end{document}$ in ([38](#Equ38){ref-type=""}). Then average with respect to the exchangeable random vectors $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{{\varvec{\nu }}_{tkg}\}_{g=1}^{2Nu_k}$$\end{document}$ in ([160](#Equ160){ref-type=""}) to deduce that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal{P}_{tijk}&= P(T=1|I_0=i,J_0=j,I_1=J_1 = k,T>0,\varvec{\mathcal {B}}_t)\nonumber \\&= 2Nu_k \mathcal{V}_{tkij}/\left( 2Nu_i\mathcal{B}_{tik}\cdot \left( 2N u_j\mathcal{B}_{tjk} -1_{\{i=j\}}\right) \right) \nonumber \\&= u_k \mathcal{V}_{tkij}/\left( 2Nu_i\mathcal{B}_{tik}u_j\mathcal{B}_{tjk}\left( 1-1_{\{i= j\}}(2Nu_i\mathcal{B}_{tik})^{-1}\right) \right) . \end{aligned}$$\end{document}$$We can rewrite ([34](#Equ34){ref-type=""}) as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal{Q}_{tij,kl}=\mathcal{B}_{tik}\mathcal{B}_{tjl}\left( 1-\frac{1}{2Nu_i\mathcal{B}_{tik}} \right) ^{\{i=j,k=l\}}\left( \frac{1}{1-\frac{1}{2Nu_i}}\right) ^{\{i=j\}}, \end{aligned}$$\end{document}$$and taking the product of the last two displayed equations, we find that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal{P}_{tijk}\mathcal{Q}_{tij,kk}=\left( \frac{1}{1-\frac{1}{2Nu_i}}\right) ^{\{i=j\}} \frac{\mathcal{V}_{tkij}u_k}{2Nu_iu_j}, \end{aligned}$$\end{document}$$Formula ([39](#Equ39){ref-type=""}) then follows from ([157](#Equ157){ref-type=""}) by averaging with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\mathcal {B}}_t$$\end{document}$ in ([163](#Equ163){ref-type=""}), using that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E(\mathcal{V}_{tkij})=V_{kij}$$\end{document}$, and finally dividing by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q_{ij,kk}$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$
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*Proof of Theorem 5* {#FPar40}
--------------------
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*Proof of Corollary 5 and 6* {#FPar41}
----------------------------
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